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Abstract. Let G C 0(n) be a compact group of isometries acting on n-dimensional Euclidean 
space R", and X a bounded domain in R" which is transformed into itself under the action of G. 
Consider a symmetric, classical pseudodifferential operator Aq in L^(R") that commutes with 
the regular representation of G, and assume that it is elliptic on X. We show that the spectrum 
of the Friedrichs extension A of the operator res o Aq o ext : CJ?°(X) L^(X) is discrete, 
and using the method of the stationary phase, we derive asymptotics for the number N-^{X) of 
eigenvalues of A equal or less than A and with eigenfunctions in the x-isotypic component of 
L^(X) as A — » oo, giving also an estimate for the remainder term for singular group actions. 
Since the considered critical set is a singular variety, we recur to partial desingularization in 
order to apply the stationary phase theorem. 



1. Introduction 

Let G C 0{n) be a compact Lie group of isometries acting on Euclidean space R", and X a 
bounded open set of M" which is transformed into itself under the action of G. Consider the regular 
representation of G 

(1) T(fc)^(a;) = ip{k-'^x) 

in the Hilbert spaces L^(R") and L^(X) of square-integrable functions by unitary operators. As a 
consequence of the Peter- Weyl theorem, T decomposes into isotypic components according to 

L2(M«) = n^, l2(X) = resH^, 

where G denotes the set of irreducible characters of G, and res : L^(R") — > L^(X) is the natu- 
ral restriction operator. The spaces Ti.^ are closed subspaces, and the corresponding orthogonal 
projection operators are given by 



(2) P^=d^Jx{k)T{k)dk, 

G 

where = is the dimension of the irreducible representation belonging to the character 

X, and dk denotes the normalized Haar measure on G. In what follows, we do not assume that 
the boundary 9 X of X is smooth, but only that there exists a constant c > such that for any 
sufficiently small > 0, vol(c)X)g < eg, where (SX)^ = {a; € R" : dist(a;,9X) < p}, and that 

o^ax. 
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Let now Aq be a symmetric, classical pseudodifFercntial operator in M" of order 2m that com- 
mutes with the operators T(/c) for all fc e G. Let a2m be its principal symbol, and assume that 
there exists a constant Cq > such that 

(3) a2m(x,e) >Co|eP", VxeX, VeeM". 

Let ext denote the natural extension operator by zero. Under condition ([3|), the operator 

res o ^0 o ext : (X) — > L^ (X) , 

is symmetric and lower semi-bounded, and we denote its Friedrichs extension by A. It can be 
shown that A has compact resolvent, and if the boundary of X is sufficiently smooth, and 
satisfies the transmission property, the domain of A is given by 

D{A) = {ue i?o"(X) : Aou e L\X)}, 

where i/o"(X) is the closure of C^(X) in the Sobolev space i/™(X), so that we are in presence of 
a generalized Dirichlet problem. Since A leaves each of the isotypic components lesTi.^ invariant, 
the restriction of A to resTi^ gives rise to the so-called reduced operator A^. Its domain is 
D{A^) = D{A) n resTi^, and its spectrum is discrete, the spectrum of A being equal to the union 
of the spectra of the operators A^^ . 

The purpose of this paper is to investigate the spectral counting function N^{X) of A^^, which 
is given by the number of eigenvalues of A-^, counting multiplicities, that are less than A S M. It 
corresponds to the number of eigenvalues of A less than A, and with eigenfunctions in the x-isotypic 
component of L^(X), so that 

t<\ 

where /i^ (t) denotes the multiplicity of the irreducible representation of dimension corresponding 
to the character x in the eigenspace of A with eigenvalue t. iVx(A) describes the distribution of 
eigenvalues of A, and we shall investigate its asymptotic behavior as A ^ -l-oo by means of the 
generalized theorem of the stationary phase. It will turn out that A'^(A) is intimately related to 
the representation theory of G, and the geometry of the Hamiltonian action of G on the symplectic 
manifold r*(X). In fact, if {Ai, . . . , Ad) is a basis of the Lie algebra g of G, let 

J : r*(X) ^ X X M" ^ ~ R'*, (x, {{A,x, , ■ ■ ■ , {AdX, 0), 

be the associated momentum map, where (•, •) stands for the Euclidean scalar product in E", and 
denote by 

no/G = r\{o})/G 

the symplectic quotient of T*(X) at level zero. This quotient is naturally related to the critical 
set of the phase function in question, and plays a crucial role in our reduction. Indeed, we shall 
prove that N^(X) is asymptotically determined by a certain volume of the quotient flo/G, which 
is symplectically diffeomorphic to T*(X/G) on its smooth part [H]. Now, the major difficulty in 
applying the generalized stationary phase theorem in our setting stems from the fact that, due to 
the singular orbit structure of the underlying group action, the zero level fio of the momentum 
map, and, consequently, the considered critical set, are in general singular varieties. In fact, if 
the G-action on T*(X) is not free, the considered momentum map is no longer a submersion, 
so that riQ and ^Iq/G are not smooth anymore. Nevertheless, it can be shown that these spaces 
have a Whitney stratification into smooth submanifolds, see [2U], Theorems 8.3.1 and 8.3.2, which 
corresponds to the stratification of T*(X), and R" into orbit types. To apply the principle of the 
stationary phase to our problem, we shall therefore proceed to partially resolve the singularities of 
flo , and then apply the stationary phase theorem in the resolution space under the sole assumption 
that the set Sing fio of points where is not a manifold is contained in a strict vector subspace 
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of r*(X). This is always fulfilled for group actions that satisfy the following condition 0: If ^"ho) 
denotes the union of all principal orbits in R" of type G/Hq, which is an open and dense subset 
in M", then M" \ should be contained in a strict vector subspace of M". The main result of 

this paper is Theorem [8l which states that, as A — > +00, one has the asymptotic formula 

iV,(A) = ^^^^^yol{[a^^{{-oo, 1]) n no]/G) At"-")/^" + 0(a("— V4)/2™)^ 

where = x(1)j [0x\Ho ■ ^] ^he multiplicity of the trivial representation in the restriction of 
to any principal isotropy group conjugated to Hq, and k the common dimension of the orbits of 
principal type. The volume of the quotient [a2,^((— 00, 1]) n flol/G is defined in Section 5. 

The asymptotic distribution of eigenvalues was first studied by Weyl }25j for certain second 
order differential operators in R" using variational techniques. Hormander [13] then extended 
these results to elliptic pseudodifferential operators on closed manifolds using the theory of Fourier 
integral operators. The first ones to study reduced Weyl asymptotics for elliptic operators on 
closed Riemannian manifolds in the presence of a compact group of isometries were Donnelly [B] 
together with Briining and Heintze [3]. In the semi-classical context, reduced Weyl asymptotics 
and trace formulae were investigated in [7], and in [4] via coherent states. Our approach is based 
on the method of approximate spectral projections, first introduced by Tulovskii and Shubin 
Nevertheless, due to the presence of the boundary, the original method cannot be applied to our 
situation, and one has to use more elaborate techniques, which were subsequently developed by 
Feigin [3] and Levendorskii [TS]. Compared to the method of Fourier integral operators, this 
approach gives weaker estimates for the remainder, but allows to consider non-smooth boundaries. 
Recently, Bronstein and Ivrii have obtained even sharp estimates for the remainder term in the 
case of differential operators on manifolds with boundaries satisfying the conditions specified above 

mm- 

This paper is the second part of an investigation initiated in [21 , which we shall refer to in 
the following as Part I. There, the foundations of the calculus of approximate spectral projection 
operators were provided, and the case of a finite group of isometries was settled. In this second 
part, the case of a compact group of isometries will be considered. Before we start, some comments 
on the results obtained might be in place. Asymptotics for the spectral counting function iV^(A) 
were obtained in [6 and [3] for general compact, isometric and effective Lie group actions using 
Heat kernel methods; nevertheless, this approach does not allow to derive estimates for the remain- 
der term. Using Fourier integral operator techniques, the same authors obtained rather optimal 
remainder estimates for compact G-manifolds in the cases where there is only one orbit type, or all 
orbits have the same dimension. For orthogonal actions in R", estimates for the remainder where 
obtained in [T^[7] in case that the union '^^^o) principal orbits is given by R" — {0}. In this 

paper, remainder estimates are obtained in the case that singular orbits are present by partially 
resolving the singularities of the zero level of the momentum map fio ■ 

2. Reduced spectral asymptotics and the approximate spectral projection 

operators 

In this section, we shall review some basic facts in the theory of pseudodifferential operators 
that will be needed in the sequel, and introduce the method of approximate spectral projection 
operators. For a more detailed exposition, the reader is referred to Part I, Sections 2 and 3. Let 
Aq be a classical pseudodifferential operator of order 2m in R", regarded as an operator in L^(R") 



Examples for such group actions are given in Remark 1. 
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with domain C^(M"). In other words, can be represented by an oscillatory integral of the form 

where its symbol a(a;,^) has an asymptotic expansion of the form 

a{x,£,) ~ ^a2„i-j(x,C) (1 - xiO), 

X being a compactly supported function equal to 1 in a neighborhood of zero, and the functions 
a,2m~j are homogeneous of degree 2m — j in variable ^. a2m is called the principal symbol of Aq. If 
< ^?, (5 < 1, and Y is an open set in M", let us denote by ^^^(Y x R") the set of smooth functions 
a{x,S^) on Y X M" such that for all compact sets K in Y, and all multi-indices a,/3, there exist 
constants CK,a,[3 > such that 

Let _L™^(Y) be the class of pseudodifferential operators with symbols in ^"^(Y x R"). Then, as 
a local pseudodifferential operator, S L^™(M"), see Section 3.7. In what follows, we shall 
also need certain global spaces of symbols and pseudodifferential operators, which also take decay 
properties in x into account. They were introduced by Hormander within the framework of Weyl 
calculus of pseudodifferential operators. Thus, consider on R^" the metric 

-g.Av^v) = (1 + + my\y\' + (i + kl' + mT'lvf, 

where 1 > ^? > <5 > 0, and put h{x,S,) = (1 + \x\^ + I^P)"^''^ 

Definition 1. Let p be a g-continuous function. The class Tg^sip,^'^"), < S < g < 1, consists 
of all functions u G C°°(R^") which for all multiindices a, (3 satisfy the estimates 

I d1 5f u{x, 01 < C^p p{x, (1 + \x\' + |^|2)(-e|a|+5|/3|)/2. 
In particular, we shall write T'^ ,5(R2") for Tgjih-'^ ,R'^'^), where I € R. 

The class rg,5(p, R^") is also denoted by S{g,p), see Part I, Definitions 1 and 3. Let now 
a e Tg,s{p,R'^"), < 1 - < (5 < < 1, and T e R. Then 

Au{x)= I I e'^''^y^^a{{l-T)x + Ty,C)u{y)dydi 



defines a continuous operator in 5(R"), respectively 5'(R"), see Part I, Corollary 1. In this case, 
a is called the r-symbol of A, and the operator A is denoted by Op'^(a). If r = 1/2, a is called 
they Weyl symbol of A, and one also writes Op™ (a) for A. Pseudodifferential operators with 
real Weyl symbols give rise to self-adjoint operators. For t — Q and r = 1 one simply obtains 
the usual left and right symbols, respectively. Our symbol classes will be mainly of the form 
=ri„5,A-(p,R'") with 

9..i{y,ri)^\y\^ + h{x,0M\ 
where p is a smooth, positive, g-continuous function, and < (5 < 1/2. In what follows, 11^ ,5 (p, R") 
and ^-(R") will denote the classes of pseudodifferential operators with symbols in Fg ,5(p, R^"), 
and F'^^(R^"), respectively. 

Consider now a bounded domain X in R" with not necessarily smooth boundary 9X, and let a 
be the left symbol of the classical pseudodifferential operator Aq. Clearly, a G S{g, h~^"^, Z x R") 
for any compact set Z C R". By changing a outside X x R", we can therefore assume that 
a e 5'(g,/i-2™), so that 

Ao e n?™(R"). 
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Assume now that Aq satisfies the ellipticity condition ((3]). 

Lemma 1. The ellipticity condition ([3]) is equivalent to the existence of constants C,M > such 
that 

(4) ((Ao+Afl)u,«)i2(x) >C h||^,„(x), \/ueC^{X). 
where ||-||//i7i(x) ^^'^ norm in the Sobolev space _ff™(X). 

Proof. Since Aq + Ml is a classical symmetric pseudodifferential operator with principal symbol 
a2m, the implication (HI) ^ ([3]) follows with [15], Lemma 13.1. Now, let us assume that (1) is 
fulfilled. By compactness, there exists a constant e > such that, if = {x G M" : dist(a;, X) < 
e}, one has 

(5) a2™(:E,C)> VxeX„VeeM". 

The restriction of Aq to X^ is of course in Lfj^CK^) since X is bounded, and is elliptic in view of 
(O. It is not properly supported in general but, according to [23], Proposition 3.3, there exists 
an operator R with smooth kernel Kji £ C°°(Xe x X^), and an operator Ai in i^™(X£) which is 
properly supported in X^ such that, on L^(Xe), 

Ao=Ai+ R. 

Ai is a classical pseudodifferential operator in Xg, with the same principal symbol as ^o, and is 
elliptic on X^ in view of ([5]). Applying now the Garding inequality as stated in [11| . page 51, one 
deduces the existence of a constant Ci > such that, for all u e C^(X£) with support in X, 

1 2 

Re ((^1 + Cil)u, m)l2(x,) > ^ hll_ff-(x,) • 

Now, by the Schwartz inequality, 

P"IIl^(x) = \Ru{x)\^dx < (^J^\KR{x,y)\^dy J^\u{zfdzyx, u € C?°(X), 

which implies that the restriction of R to L^(X) is a bounded operator. Consequently, there exists 
a constant C2 > such that for u £ C^(X) 

(Ao + C'i1)u,w)l2(x) > ^ ll^i|lH"(x,) +Re(i?w,u)L2(x) > ^ ll«ll?/™(x) ~ ^2 I|u|Il2(x) ' 

and the assertion of the lemma follows. □ 

Next note that if Aq were properly supported, then Ao o cxt : CJ?°(X) C^(Xi), where Xi 
is some compact set in R", see [25, Proposition 3.4. By continuity, this map would extend to 
a map from I?'(X) to I?'(Xi), but in general it is not immediately clear if the restriction of Aq 
to X extends to I?'(X). Nevertheless, as a pseudodifferential operator in the class Hf^{M.^), the 
operator Aq : 5(R") 5(M") extends to a mapping from 5'(R") to 5'(R"), see [T4]. ' Therefore, 
if u e L2(X), then (Aq oext)(u) S 5'(R"), and via the inclusion 5'(R") ^ X''(X), the operator 
res oAqo ext extends naturally to an operator from L^ (X) to V (X) . Let us now assume that Aq is 
symmetric, and that ([3]) is satisfied. Under these circumstances, the previous lemma implies that 
the operator 

res oAoo ext : C,°°(X) — > L^{X) 

is lower semi-bounded, and we shall denote its Friedrichs extension by A. It is a self-adjoint operator 
in L^(X), and is itself lower semi-bounded. Its spectrum is real. The following proposition shows 
that A has compact resolvent, which implies that the spectrum of A is discrete, i.e. it consists 
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of a sequence of isolated eigenvalues of finite multiplicity tending to infinity, while the essential 
spectrum of A is empty. 

Proposition 1. As an operator in L'^(X), A has compact resolvent . Moreover, D{A) C H^pCX.) 
and 

(6) ((A + M)u,M)i2(x)>Ch||^„(x) yueD{A). 

Here, H^(X.) denotes the closure of C^(X) in i/™(X) ^ {u e X>'(X) : G L2(X), \a\ < m} 
with respect to the Sobolev norm. 

Proof. Put i = res o Ao o ext : C^(X.) L2(X). In view of (H]), i is semi-bounded on CJ?°(X). 
Let Q{A) be its form domain, that is, the completion of CJ?°(X) with respect to the norm p{v) — 

J{A + M)v,v), see |22] . page 177. Q{A) is endowed with the limit norm ||.||q(^) of p. According 

to (g]), Q{A) C i?™(X). Since A is the Friedrichs extension of A, one has D{A) C Q{A), and we 
obtain equation Let now A < — A/. If u G D{A), the Schwartz inequality yields 

\\u\\h'^{x.) < C'II(-4- A)u||l2(x) 

for some constant C > 0. Thus, if w G L^(X), ||(^ ^ '^)^"'"''^||jLf„(-x) — ^I1^I1l2(x)- Therefore 
(A - A)-Ms a continuous map from L'^{X) to i?,5"(X). But the injection 7?^(X) ^ L2(X) is 
compact by the Rellich theorem. Consequently, A must have compact resolvent. □ 

Consider now a compact group of isometrics G C 0(n) acting on Euclidean space R", and 
assume that the bounded domain X in M" is invariant under G. Then its boundary is G-invariant, 
too. Let T be the unitary representation of G in the Hilbert spaces L^(M") and L^(X) defined in 
([!])■ and assume that the operator commutes with the representation T. The G-action on X 
induces a Hamiltonian action of G in the cotangent bundle T* (X) of X given by 

G X r*(X) ^ r*(X) : {k,x,0 -> 'Jk{x,0 = («fe(x),*4(x)-i(0) = {Kk{x),Kk{0), 
where we wrote Kk{x) = kx. Now, since 

r(fc)Op"(a)T(fc-i) -Op^(aoafc), aeS{g,p), 

the G-invariance of Aq is equivalent to the G-invariancc of its symbol, by the uniqueness of the 
r-symbol. In particular, the principal symbol a2m of Aq is invariant under cr^ for all fc G G. Since 
the operator A is also G-invariant, the eigenspaces of A are unitary G-modules that decompose 
into irreducible subspaces. The restriction of ^ to the isotypic component resTi^ in the Peter- Weyl 
decomposition of (T,L^(X)) is called the reduced operator, and is denoted by A^. Its domain is 
D{A^) = D{A) n lesTCx- explained in g], A^ inherits from A the property of having compact 
resolvent, and the spectrum of A is equal to the union over x in G of the spectra of the operators 
Ax- 

Our purpose in this paper is to investigate the spectral counting function N^{X) of A-^, which is 
given by the number of eigenvalues of A^, counting multiplicities, that are equal or less than A G M. 
It corresponds exactly the number of eigenvalues of A equal or less than A, whose eigenf unctions 
belong to the x-isotypic component of L^(X), so that 

t<x 

where jj.^^ (t) denotes the multiplicity of the irreducible representation of dimension corresponding 
to the character x in the eigenspace of A with eigenvalue t. We shall study N-^{X) using the method 
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of approximate spectral projection operators, which was first introduced by Shubin and Tulovskii, 
and adapted to the case of bounded domains by Levendorskii. ft departs from the observation that 

NiX) = tiiEx), 

where Ex = 1(_oo^a](A) is the spectral projector of A belonging to the value A. The idea is 
then to approximate the Ex by means of certain pseudodifferential operators £x- The trace of £x 
should then give a good approximation of N{X). The approximate spectral projection operators 
£x will be constructed using Weyl quantization. In order to define them, we introduce now the 
relevant symbols. Thus, let ax S S{g,l), and d G S{g,d) be G-invariant symbols which, on 
^ : ICI > 1}; = {x : dist (a;,X) < g}, are given by 

1 / A 

d{x,0 = \^\-\ 

where p > is some fixed constant, and in addition assume that d is positive and that d{x, ^) ^ 
as I a; I oo. We also define 

bx{x,0^axix,X'/^"'0- 

We need to define smooth approximations to the Heaviside function, and to certain characteristic 
functions on X. Thus, let x be a smooth function on the real line satisfying < x < I, and 



X(s) 



I for s < 0, 
for s > I. 



Let Co > and 6 E (1/4, 1/2) be constants, and put oj = 1/2 — 6. We then define the G-invariant 
functions 

XA - X ° ((«A + 4/^*"-" + 8Cod) h-'), xt^Xo {{ax ~ 4/i*'-" - 8God) h-'), 

where < (5 - w < 1/2. One can then show that xa, Xa S{h^'^^g, I) = ^(M^") uniformly in 
A, see Part I, Lemma 10. Next, let C/ be a subset in R^", c > 0, and put 

U{c, g) = { (x, e M^" : ry) e {/ : {x - - ii) < c] ■ 

according to [18], Corollary 1.2, there exists a smoothened characteristic function -i/'c G S{g,l) 
belonging to the set U and the parameter c, such that suppV'c C U{2c,g), and ilJc\u(c.g) — 1- L'^t 
now 

Mx = {{xX) e R^" : ax < 4h^-'^ + 8Cad} . 
Both Mx and 9X x are invariant under ak for all fc € G, as well as (9X x M")(c, h~'^^g), and 
A4x{c, h~^^ g), due to the invariance of a2m{x,£,), and the considered metrics and symbols. Now, 
let fjciJx.c G S{h~^^ g,l) be smoothened characteristic functions corresponding to the parameter 
c, and the sets 9X x M" and Aix, respectively. According to Lemma 5 in Part I, we can assume 
that they are invariant under ak for all k £ G; otherwise consider fjc o Ok dk, Jq iI)x,c ° Cfc dfc, 
respectively. We then define the functions 

0, X ^ X, 

{l-T)c{x,S,))^x.i/c{x,Cj, a: e X, 
fic{x,£,), x^X, 
1, xeX. 

Only the support of '4'x,c depends on A, but not its growth properties, so that r/c, rjx.-c G S{h^^^ g, 1) 
uniformly in A. Furthermore, since ?72c = 1 on suppyyc, and V'a.i/c = 1 on supp'0A,i/2ci on has 
77a -c = 1 on supp77A,-2c, which implies rix-2c'nx-c = ?7a,-2c- Similarly, one verifies rjcmc = Vc- 
We are now ready to define the approximate spectral projection operators. 



V\-c{x,0 
Vc{x,0 
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Definition 2. The approximate spectral projection operators of the first and second kind are defined 
by the equations 

£x = Op"'(7?A,-2) Op'^(xa) Op"'(77A^_2), £x = fl(3 - 2Ex). 
while the ones of the third and fourth kind are given by 

= Op"'(r;2x+), - ^a'(3 - 2^), 

Both £x and Tx are integral operators with kernels in 5(R^"). By Lemma 7.2 in [M], this implies 
that £x and Tx are of trace class and, in particular, compact operators in L^(R"). In addition, by 
Theorem 2, and the asymptotic expansion (10) in Part I, one has ct'^(£a), cr'^i^x) & S{h~^^g,l) 
uniformly in A. On the other hand, all the involved symbols are real valued, which by general Weyl 
calculus imphes that Op'"(?7A,-2), Op"'(xa), Op^'I^IXa )' ^"^^^ consequently also £x, and J^x, are 
self-adjoint operators in L^(]R"). Let denote the orthogonal projector defined in ^ onto the 
isotypic component of the Peter- Weyl decomposition of (T, L^(]R")) corresponding to the character 
X- By construction, both £x and Tx commute with the projection P^, so that Px£x and Px^x are 
self-adjoint operator of trace class as well. Although the decay properties of a'^{£x), a'^{Tx) are 
independent of A, their supports do depend on A, which will result in estimates for the trace of 
Px£x and Px^x in terms of A that will be used in order to prove Theorem [8l In particular, the 
estimate for the remainder term in Theorem [S] is determined by the particular choice of the range 
(1/4, /1/2) for the parameter (5, which guarantees that 1 — 5 > 5. 

The method of approximate spectral projection operators is based on variational arguments. 
Thus, if S" is a symmetric, lower semi-bounded operator in a separable Hilbert space, and if V is 
a subspace contained in its domain 'D{S), the variational quantity 

^(5*, V) = sup{dimi : (5m, m) < V 7^ u G L} 

Lev 

can be used to give a qualitative description of the spectrum of S. In our case one has 

Nx{\) =AA(Ao-Al,WxnC,°°(X)). 

Indeed, the Friedrichs extension of res o Aq o ext : CJf (X) n Tix — * resTi^ is given by A^, and 
the assertion follows with TS], Lemma A. 2. Now by the general theory of compact, self-adjoint 
operators, zero is the only accumulation point of the point spectra of £x and Tx, as well as the only 
point that could possibly belong to the continuous spectrum. Therefore the number of eigenvalues 
of £x which are > 1/2, and whose eigenfunctions belong to the isotypic component Tix is clearly 
finite, and shall be denoted by . Similarly, the number of eigenvalues of the operators Tx 
which are > 1/2, and whose eigenfunctions belong to the isotypic component 7i^, shall be denoted 
by . As it was shown in Part I, Theorems 5 and 6, these quantities constitute upper and lower 
bounds for the spectral counting function Af^(A), namely 

N^^ ~C < N{Ao - Xl.Hx n C^(X)) < A/^^ + C 

for some constant C > 0. Furthermore, by Lemmata 11 and 12 of Part I one has 

2ir{Px£x ■ Px£x) - trPx£x - ci < N^' < StrP^^A -2tiiPx£x ■ Px^x) + C2, 
2tr(Px-^A • PxW - trPx-^A - ci < N^' < StrP^-^A -2tT{PxJ'x ■ Px^x) + C2, 

for some constants q > 0. The study of the asymptotic behaviour of Nx{X) is therefore reduced 
to an examination of the traces of P^^ a and P^JFa, together with their squares, and will occupy 
us for the rest of this paper. 
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3. Compact group actions and the principle of the stationary phase 

In this section, we shall begin to estimate the traces of Px^x and Px^x using the method of the 
stationary phase, in order to obtain a description of the spectral counting function Nx{\) as A ^ 
+00. As mentioned in the introduction, first order asymptotics for invariant elliptic operators were 
already obtained in [6l[3] in the general case of effective group actions by using heat kernel methods; 
nevertheless, estimates for the remainder are not accessible via this approach. On the other hand, 
the derivation of remainder estimates within the framework of Fourier integral operators or, as 
we shall see, within the setting of approximate spectral projections, meets with serious difficulties 
when singular orbits are present. The reason for this is that, using these approaches, one is led to 
the study of the asymptotic behavior of integrals of the form 

(7) III e'^''-''''^^/''a{x,tk)dxdidk, /i ^ 0+, 

Jg Jm" Jm" 

via the generalized stationary phase theorem, where a{x, k) E C(?°(M" x M" x G) is an amplitude 
which might also depend on fi. While for free group actions, the critical set of the phase function 
(x — kx)^ is a smooth manifold, this is no longer the case for general effective actions, so that, a 
priori, the principle of the stationary phase can not be applied in this case. Nevertheless, in what 
follows, we shall show how to circumvent this obstacle by partially resolving the singularities of 
the critical set of the phase function in question, and in this way obtain remainder estimates for 
Nx{X) in the case of singular group actions. Let us begin by stating the generalized stationary 
phase theorem. 

Theorem 1 (Generalized stationary phase theorem for manifolds). Let M be a n-dimensional 
Riemannian manifold, G C°°{M) be a real valued phase function, a € C^(Af), /i > 0, and set 

^ I e*'^('")/'^a(m) dm, 

J M 

where dm denotes the volume form on M . Let C — {m G M : ip' : TM„i — > TK^(„j) is zero^ be the 
critical set of the phase function ip, and assume that 

(i) C is a smooth submanifold of M of dimension p in a neighborhood of the support of a; 

(ii) for all m G C, the restriction 'ip"{m)\]^^^c of the Hessian of ip at the point m to the normal 
space NmC is a non- degenerate quadratic form. 

Then, for all G N, there exists a constant Cn^iP > such that 

N-l 

\L{n) - e''^''/''(27r^)'^ V fi^ Lj{i;;a)\ < ^/i^uo/(suppa n C) sup \\D^a\\ , 
j=o ' '<2^ 

where is a differential operator on M of order I, and i/jq is the constant value of ip on C. 
Furthermore, for each j there exists a constant Cj_^ > such that 

\Lj{ilj; a) I < Cj ^vol (supp a n C) sup ll^^'a 

l<2j 

and, in particular, 

Jc |deti/'"M|iv,„cr 
where a^" is the constant value of the signature of 4'" {^)\n^c for m in C. 



no.C ■ 



Proof See [Ulli]. 



□ 
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From now on, wc shall restrict ourselves to the study of tvP^Sx, since the correspondmg con- 
siderations for !F\ are completely analogous. Let therefore a''{£\){x,£^) denote the left symbol of 
£x. Since cr'(£>) is G- invariant, we have 



IG 



The kernel of Px^x, which is a rapidly decreasing function, is given by the absolutely convergent 
integral 

Kp^e, (x, y)=d^J^J ^e'(^-'^-^)«a' {£x){x, C) d^ dk. 
Consequently, the trace of Px^x can be computed by 

irP^£x = I Kp^£^{x,x)dx^d^J^J j^e'^--^'-^^n\£x){x.S.)dxdidk. 

As already noticed, the decay properties of cr'{£\) e S{h^^^g,l) = r°_^^(R^") are independent 
of A , while its support does depend on A. Indeed, as it was already explained in Part I, equation 
(51), 

(8) a\£x) = (771-2Xa)'(3 - 2t^I_^xx) + fx + ^a, 

where rx G S{h~'^^ g, h^'-^^^^^) for arbitrary large TV, and fx G S{h^^^ g, h^^^^), everything uni- 
formly in A. Moreover, in Lemma [9] we shall see that 

supp/a C A,,x = G X X M" : ax < c{h^-'^ + d)} . 

Now, since |rA(a;,^)| < C"(l -I- |xp -I- I'CP)"^^^ for some constant C independent of A and N 
arbitrarily large, we get the uniform bound 

\rxix,0\dxd^<C; 

note that the a;-dependence of h(x, ^) is crucial at this point. In order to determine the asymptotic 
behaviour of tr Px£x with respect to A, we can therefore neglect the contribution coming from 
rx{x, C), so that 

trP^^A^dx / / fme''^'''''''^Hivl-2Xxf{3~2rjl_,xx) + fx]dxd^dk + Oil), 



\— l/2m \ , — 2m 

— A , A — fl , 



as A goes to infinity. To apply the generalized stationary phase theorem, we introduce the new 
parameter 

and performing the change of variables 

: {x,0^ix,f^O 



we obtain 
where we set 

(9) 



iip)= f f f ei^^^'^'''^m'y^ix,OdxdCdk, 

■0(x,C,fc) = {x~kx)^, 

= [{vl-2Xx?{3 - 2rjl_,xx) + fx] ° ^Z'- 
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As we shall see later, there exists a compact subset K C R^", such that has support in K for all 
/X > 0, see p7p . To get an asymptotic expansion of /(/i) as /i — )■ 0+ via the generalized stationary 
phase theorem, we commence by examining the critical set 

(10) C = {(x, fc) e X X M" X G : i}'{x, ^, k) = 0} 

of the phase function ip. After a straightforward computation we obtain 

C = {{z,k) e flo >i G : kz = z} , 

where we put z = {x,^), and 

= {(x, ^) G X X R" : {Ax, ^ = for all A e g} , 

2 being the Lie algebra of G. (•, •) denotes the Euclidean product in R". Note that flo is invariant 
under the Hamiltonian action of G on the cotangent space T*(X) given by (a;,^) i-^ {kx,k£,), as 
well as homogeneous with respect to x and ^. It has the following interpretation in terms of the 
Hamiltonian action of G on T*(X). If {Ai, . . . , Ad) is a basis of g, let 

J : T*(X) ~ X X R" ^ g ~ R^ {x, -> {{A^x, O,---, i^dX, 0), 

be the associated momentum map, and denote by 

no/G = r\{o})/G 

the symplectic quotient of T*(X) at level zero. This quotient is naturally related to the critical 
set of the phase function in question, and we shall prove that (A) is asymptotically determined 
by a certain volume of the quotient Qq/G. Now, the major difficulty in applying the generalized 
stationary phase theorem in our setting stems from the fact that, due to the singular orbit structure 
of the underlying group action, the zero level flo of the momentum map, and, consequently, the 
considered critical set C, are in general singular varieties. In fact, if the G-action on r*(X) is 
not free, the considered momentum map is no longer a submersion, so that f2o and Qq/G are not 
smooth anymore. To circumvent this difficulty, we will partially resolve the singularities of C by 
constructing a partial resolution of f2oj which takes into account the singular orbit structure of the 
underlying G-action, and then apply the stationary phase theorem in the resolution space. 

In what follows, we shall therefore briefly recall some basic notions of the theory of compact 
group actions. For a detailed exposition, we refer the reader to [T] or [T7]. Let G be a compact Lie 
group acting locally smoothly on some n-dimensional C°°-manifold M, and denote the stabilizer, 
or isotropy group, of a; g M by 

Gx = {k e G : k ■ X ^ x}. 

The orbit of a point x E M under the action of G will be denoted by Ox- Assume that A//G is 
connected. One of the main results in the theory of compact group actions is the following 

Theorem 2 (Principal orbit theorem). There exists a maximum orbit type G/H for G on AI. 
The union M(//) of orbits of type G/H is open and dense, and its image in M /G is connected. 

Proof. See [I], Theorem IV.3.1. □ 

^As we shall see in Section 5, 

o'm(^.C) >l{a2,„<l}(a^>?) as^t^O+, 

where 1^ stands for the characteristic function of the set A. By homogeneity, a2m(0, 0) = 0, so that zero is contained 
in the support of l{a2m<i}' general, tj^ is therefore not supported away from the set of singular points of C, 
since (0, 0) is always a singularity of Hq in case that G X. 
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Orbits of type G/ H are called of principal type, and the corresponding isotropy groups are 
called principal. A principal isotropy group has the property that it is conjugated to a subgroup 
of each stabilizer of M . The following result says that there is a stratification of the considered 
G-space into orbit types. 

Theorem 3. Let K be a subgroup of G, and denote the set of points on orbits of type G/K by 
M(^j^^ . Then Alf^j^^ is a topological manifold, which is locally closed. Furthermore, M(x) consists 
of orbits of type less than or equal to type G/K . The orbit map Mi^j^-^ — > M(^k-)/G is a fiber bundle 
projection with fiber G/K and structure group N{K)/K. 

Proof See U, Theorem IV.3.3. □ 
Let now Mj- denote the union of non-principal orbits of dimension at most r. 

Theorem 4. // k is the dimension of a principal orbit, then dim M/G — n — k, and is a closed 
set of dimension at most n — k + t — 1. 

Proof See [1 , Theorem IV.3.8. □ 

Here the dimension of Mr is understood in the sense of general dimension theory. In what 
follows, we shall write SingM = M — Mi^h) ~ M^.- Clearly, 

SingM = Mo U (Mi - Mo) n (Ms - Mi) U • • • U (M« - M«_i), 

where Mi — Mi^i is precisely the union of non-principal orbits of dimension i, and M_i — 0, by 
definition. Note that 

M, - M,_i = y M(^.) , dim G/H] = i, 
j 

is a disjoint union of topological manifolds of possibly different dimensions. We apply this theory 
now to the case where M — R", and G is a compact subgroup of 0(7i). 

Definition 3. Let G/Hq be the principal orbit type of the action of G d 0{n) on M", and denote 
by K the dimension of G/Hq. 

Since X is open in R", it has the same principal orbit type than R". Now, even if Q.q is not a 
smooth manifold, it can be shown that it has a Whitney stratification into smooth submanifolds, 
see [20]; Theorem 8.3.1, which corresponds to the stratification of T*(X) and R" into orbit types. 
In particular, the strata of VIq are submanifolds of R^", and Q,q admits a principal orbit type, too. 

Proposition 2. Let Regilo — ^O(ifj) &e the principal stratum of flo. Then Regilo an open 
dense subset of VLq, and a submanifold o/X x R" of codimension k. Moreover, for z G Regr^o one 
has 

(11) T^{Regno) ^ {Jsz)^, where J = 

Futhermore, Hi is conjugated to Hq, and thus 

Regrio — {z ^ ^0 '■ G z is conjugated to Hq} . 

In particular, if (x,^) G flo, and if Ox or are of type G/Hq, then (x,^) G Regilo- 

To prove the proposition, we need the following 

Lemma 2. Assume that (a:,^) G ilo- If Ox is of principal orbit type in R", then Gx C G^. 
If is of principal orbit type in R", then G^ C Gx- 
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Proof. Let {x,£,) e flo, that is, ^ G NxOx, where NxOx denotes the normal space to the G-orbit 
Ox at the point x, which is a vector subspace in M". Assume now that Ox is of principal type. 
Denote by the open e-ball in NxOx, and consider the linear tube 

GXG^V,^G-V„[g,v]^gv, 

around Ox, see [T], Corollary II. 5. 2. By loc. cit., Theorem IV. 3. 2, Gx acts trivially on V^, and 
consequently also on NxOx, and the assertion follows. To see this directly, one can also argue 
as follows. Let (x,^) £ flo, so that £ (fla^)^- If 9 £ Gx, then £ (qx)^ . Thus {g — £ 
(qx)-^. We claim that if Ox is of principal orbit type in R", then {g — !)£, £ gx, which will yield 
{g — 1)^ ~ 0, and prove the inclusion Gx C G^. Now, by [17], Theorem 4.19, the canonical 
projection tt : R^^g) ^"ho}/^ ^ smooth submersion. Since the preimage of the tangent space 
of a smooth manifold under a submersion is equal to the tangent space of the preimage of the 
considered manifold at the given point, kerd^jTr = gx. Moreover, since M^^Hq) is an open set of M", 
one can differentiate the relation 

with respect to variable y at x to obtain dgxTr o g = dxir. Since gx — x, dxir o [g ~- 1) — 0. This 
proves that the image of {g — 1) is contained in kerdj^Tr — gx. □ 

Proof of Proposition [H The first part of the statement follows from the references previously given, 
while the characterization of the tangent space is obtained by observing that dim Reg fig = 2n — k. 
By the previous lemma, (R" x R"^^^) fl flo is a non-empty open subset of flo consisting of orbits of 
type G/Hq. As Regfio is open and dense in fio, it must intersect (R" x K"^:^^^) n V,o, and therefore 
consist of orbits of type G/Hq. □ 

In what follows, we will denote by Singfio the complement of Reg fig in ^Iq. The next lemma 
will provide us with a suitable parametrization of Regfio- 

Lemma 3. The sets {(x,^) £ Regfio : x £ SingR"}, {{x,^) £ Regfio : ^ £ SingR"} have measure 
zero in Reg ilo with respect to the induced volume form on Reg ^Iq . 

Proof. We shall show that N = {{x,£,) £ : x £ SingR"} is a closed set in Q,^ of dimension at 
most 2n — K— 1. Indeed, with M = R", and notations as above, 

K K 

i=0 4=0 

where the union over i{i) ranges over all non-principal orbit types G/Hj with dimG/iJj — i. By 
the previous theorem, dimR"^:^;^ < dimM; < n — n + i — 1, and in addition, dim NxOx = n — i for 

all X £ R"^i-). Consequently, |(a;,^) £ R^" : x £ R"^^^^ £ NxOx^ is a subset of of dimension 

at most 2n — K — 1. Since for orthogonal group actions there are only finitely many orbit types, 
the union over j(i) is finite, and the assertion of the lemma follows. □ 

Finally, for future reference we note the following 

Lemma 4. The set 

RegC = {{z,k) £ Regfio x G : fcz = z} 
is a smooth submanifold of dimension 2n + d — 2k, and for (z, k) £ RegC, 

T(^,fe)RegC = {{a,Ak) : a £ T^RegVlo,A£ G and (1 - k)a + Az = 0}. 

Proof See [1], Lemma 3.2. □ 
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In particular note that if (2, k) belongs to SingC, the complement of RegC in C, then z must 
necessarily lie in Singf2o- After these preliminary remarks, we are now ready for the analysis of 

Hp). 

4. Phase analysis and partial desingularization 

We shall now start with the computation of an asymptotic formula for /(/z) via the generalized 
stationary phase theorem by partially resolving the singularities of the critical set 

C = {(x, fc) G X X M" X G : i^'{x, ^, k) = 0} 

of the phase function ?/'(a;, ^, fc) = {x — kx, ^) . Such a resolution will be given by a proper R-analytic 
map C : M ^ M of some smooth manifold M onto M — R", inducing a transformation C, : C C 
such that C is a partially desingularized subvariety of M, and C induces an isomorphism of real 
analytic manifolds (^^(RegC) RegC, where RegC denotes the set of nonsingular points of C. 
By performing such a resolution we will be led to a new phase function, whose critical set is no 
longer a singular variety. As before, denote by ^^^0) union of all orbits of principal type G/Hq 
in R". We will construct an explicit resolution of C by constructing a resolution of flo first, under 
the following 

Assumption 1. The set SingM" — R" \ R"//^) is included in a strict vector suhspace F ofW^ of 
dimension r < n. 

Remark 1. Particular cases of Assumption [1] are 

i) Transitive actions on the sphere. For any compact subgroup of 0{n) acting transitively 
on the (n — l)-dimensional sphere, SingR" = {0}. The list of compact, connected Lie groups 
acting transitively and effectively on spheres has been found by Montgomery and Samelson |19j . It 
includes all the holonomy groups of a simply-connected Riemannian manifold with an irreducible, 
nonsymmetric metric appearing in Berger's list, and in particular, the group SO(n) acting on R". 

ii) Cylindrical actions. For the group of rotations around an axis in K", W!-^^ is equal to the 
rotation axis. More generally, any group conjugated to G x {Iq} in 0(n), where G is a compact 
subgroup of 0{p) acting transitively on the {p— l)-dimensional sphere, and p + q = n, is included. 

We begin by considering the blowing-up of M — R^" with center G = {^1 ~ ■ ■ ■ — £,n — 0} given 

by 

M = {{x, e, M) eMx RP"-i : = ^Jf^^, « < j}, 
together with the monoidal transformation 

Cm : M ^ M, {x, ^ M) ^ {Rox, RoO. 

with i?o G 0(n) such that 

i?o(]R'' X {0}) = F. 

Covering M with the charts M,- = M n (Af x Uj), where [/, = {[/i] G RP""^ : /i^ ^ O}, one 
obtains in Mj the local coordinates 

Xj, i = l,...,n, m = —, Vj^ij, k^l,.^.,n, 

and we write 

ifj : R^" — > Mj, {x, 77) 1-^ (x, 77^(771, . . . , 1, . . . , 77„), [771 : • • • : 1 : • • • : 77„]). 

Now, the total transform of flo is given by fif,"* = Cjv/(^o)j and contains the exceptional divisor 
E = Cm'^(C')j while the strict transform of flo in the j-th chart is locally given by 

= {{x,7j) e R2" : {ARox,Ro{r]u . . . , 1, . . . ,77„)) = 0, A G g} . 
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For = r + 1, . . . , n, it is a non-singular variety, since in this case the condition (x, 77) G fig* imphes 
that {Rqx, Ro{r]i, . . . , 1, . . . , 77„)) S Reg ilo by Assumption 1, and Proposition [2l By functoriahty, 
the G-action on M hfts to a G-action on M. To construct a partial resolution for C, we put 
N = M X G, N = M X G, and Ca^ : ^ ^ N,{x,^,[fi],k) ^ {x,£,,k). Using the coordinates 
introduced above, we see that the strict transform of C with respect to ^jv is locally given by 

C'' = {(x,77, k) e til' xG:{k~ l)R^x = 0, (fc - l)Ro{vi, ■ • ■ , 1, • ■ • , Vn) - 0}. 

For j = r + 1, . . . ,n, G acts on fig' only with one orbit type, so that in this case must be 
non-singular. Let now /(/u) be defined as in Since each chart Mj completely covers M except 
for a set of measure zero, one has 

(12) I{f^)= [ I e''^^^^^''^''^/''a^,j{x,7j)x{kM-^\dxdvdk 

Jg Jr2" 

for arbitrary j, where we put i/)j(a;, 77, k) = ^p{{CM ° 'f>j){x, 77), k), a^j{x, rj) = (cr^ o (m ° 77), 
and took into account the fact that \det D{(m o (fj)[x,ri)\ — |?7"^^|- In what follows, we shall work 
in the chart j = n, and denote 7/;„ and (Tp.„ simply by tjj and a^, respectively. Let us now introduce 
the new par;meteJ! ^ ^ ^ ^ 

Defining the new phase functiorQ 

7/;„fc : R" X R"-i x G ^ R, ^^k(x, 77', k) = ((1 - k)Rax-, Ro{v' , , 
and taking into account p7p . we write 

where Eq is some suitable positive number, and 

(13) IvA'^)^ [ I e^'^™'^(^^'''''=)a,^„(x,77',77„)x(fc)dxd77'dfc. 

JG JK2„-i 

The significance of the new phase function ij^^k stems from the following proposition. It will 
enable us to derive an asymptotic formula for /^^ {y) as v goes to zero by using the stationary 
phase theorem in the region where r/„ is not small. Note that, in particular. Theorem [1] will allow 
us to handle the dependence of the amplitude in variable = vrjn- 

Proposition 3. Let C^^^ — {4''wk ~ '^i denote the critical set ofipwk- Then 

C^^^ = {{x, 77', k) e M" x M"-i X G : {Rox, Rq{tj' , l),k) e RegC}. 

It is a smooth submanifold o/R" x R"^-"^ x G of codimension 2k. Moreover, at each point {x^rj', k) 
of C^^^, the transversal Hessian of tpujk defines a non- degenerate quadratic form on the normal 
space iV(K,,,',fc)C^„fc of C^p^f^ in R" x R""^ x G. 

Remark 2. Note that if 7/^^,^ is regarded as a function on N, that is, as a function of x, 77, and k, 
the proposition implies that its critical set is given by the strict transform of C; moreover, its 
transversal Hessian does not degenerate along C*. 



■^The idea of introducing the new parameter u was taken from [7], Section 6. Nevertheless, HelfFer and El- 
Houakmi work in spherical variables, which leads to secondary critical points that were not explicitly taken into 
account in their work. Our approach does not lead to secondary critical points. 

^The subscript 'wk' stands for "weak transform". 
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Proof of Proposition\^ We shall denote by (ei, . . . , e„) the canonical basis of M". With respect to 
the coordinates {x,ri, k) one computes 

d^Mx,i,k)=Q ^ (l-fc-i)i?o(?7',l) =0. 
dki'wkix, ?7', k) = Q ^ {ARox, Roiv', 1)) = 0, € q. 
dn'i^wk{x,r]' , k) = ^=4> ((1 - k)RQX, Rae^) =0, i = 1, . . . , n - 1. 

The second equation is equivalent to the fact that {Rqx, RQ{ri' ,1)) e ilo- By Assumption [1] 
Ro{ri' , 1) ^ F, so that using Proposition [21 we obtain that our second equation is equivalent to the 
fact that (Rqx, Ro{ri' ,1)) G Regfio- Using Lemma [H the two first equations imply that kx = x, 
and therefore imply the third one. Consequently, we obtain 

C^^^ = {{x,T]',k) e M"xM"-ixG : (fc-l)i?oa; = 0, (fc-l)i?o(?7', 1) = 0, (Rox, Roir]' ,1)) G Regl^o}- 

Next, we see immediately that 0^,^^. is diffeomorphic to the intersection of RegC and (i?o x 
-Ro)({'7n — !})• Thus, in order to show that C^„j. is a smooth manifold, we have to prove that 
these two sets are transversal. Let (z, k) = {Rqx, Rqij, k) £ RegC n (i?o x ^o)({^/n = !})• We need 
to prove that T(^z,k) RegC ^ {Rq x i?o)({^n = 0}). For this purpose, consider a — {—Rox,Ro7]). 
This is an element of T^ilo = Jqz^ which satisfies {Rq x RQ)^^{a) ^ {?7„ = 0}. Moreover, we shall 
see later in Lemma [7] that kz = z implies {k — l)a G for all a G T^fio- Consequently, there 
exists an A G such that {a,Ak) G T(^z,k) RegC \ (i?o x ^o)({'7n = 0}). The dimension of C^^^^ 
follows from Lemma |4l and the tangent space at {x,ri' , k) is therefore given by 
(14) 

{{q,p',Ak) G R" X 



To compute the Hessian of ipwk at a point (a:o, rjoj^o) G C^, 
use the chart a : M^n-i x R'^ ^ R^"-! x G defined by 



X gfc : iRo{q),Ro{p',0),Ak) G r(fl„,,fl,„(^,a),fc)(RegC)}. 

we fix a basis {Ai, . . . , Ad) of g, and 



a(a:, 77', s) = x, 77', exp s^Ai ko 



With respect to these coordinates, the Hessian of ip^k is given by 



Hess iJwk{xo,v'o,ko) = 



dX.dX, 



(xo, 770,0) 



l<ij<2rH 



which is a square matrix of size 2n + d — 1. Before entering the computations, we recall that by 
(3.17) of ^ we have 

(15) {JAz, Bz)^^^ =0 Vz G VtQ, VA, B G g, 
which is equivalent to 

(16) {Ax, BCi^^ = {Bx, Ae)R„ V(a;, O^^o, VA, S G g. 

Using these identities, we obtain for all (a;, r;', k) G C^^^. that Hess ipwk{x, rj' , k) is given by 







{Roej-, (fc - l)i?oej) 
V (i?oe,;A:-M,i?o(r/',l)) 



(i?oe,; (fc-i ^ l)i?oe,-) 







(i^oe,;fc-M,j?o(77^1)) \ 



(A,i?o2;,Aji?o(77',l)) / 



where the first diagonal block is of size the second of size n — 1 and the third of size d; each 
block has been characterized by specifying the entry of the i-th line and the j-th column. Let now 

d 



{q,p',s) G M" X 



pn— 1 



I''. We set A — ^s^Ai. Then {q,p',s) G kerHess ip-wkix^rj' ,k) if and 



i=l 
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only if 

(l-fc)i?o(y,0)+Ai?o(?7',l) = 0, (a) 

ik-l)Ro{q)- ARox = XoRo{e„), (6) 

(kRoiq): AMi, 1)) - {A.R^x- Roip' , 0)) - {ARox; ARo{7]' , 1)) =0, Vi = 1, . . . d, (c) 

for some Xq e M. Taking the scalar product of (b) with i?o(?7', 1), we obtain Aq = 0. Using (a), we 
find that (c) is equivalent to the fact that (fci?o(<7), i?i?o(?y', 1)) — {kRQ{p', 0), BRqx) for all B in g. 
Since fcflox = Rqx and kRo{rf , 1) = Roiri' , 1), we see that for all B E q, 

{kRoiq),BRoiv'A)) = {kRo{p',0),BRox) ^ (i?o(<z), i?ob', 0)) € [JeiRox, Roiv' ■ 
But then, according to Lemma IH and equation (fT4|) . we deduce that 

a(kerHess il^nikix^i]' ,k)) = Ti^^^^^, ^k)C^^^, 
which concludes the proof of the proposition. □ 

Using the preceding proposition, we are in position to apply Theorem [1] to the integral (|13p . 
Nevertheless, since the integrand in also depends on the parameter the derivatives of 
a^rin (^j "n) with respect to x and 77' have to be examined carefully. Indeed, while the derivatives of 
X\ o and tpx^c ° ^"^"^ behave nicely in terms of /x, the derivatives of fjc o VP"^ with respect to ^ 
turn out to be more delicate. 

Lemma 5. For all multiindices a, (3, there exists a constant C > 0, which depends only on a and 
(3, such that 

sup |af a^,a,^„(:E,77)| <Cmax(l,|:.|-^(l^l+l"l)). 

(x,j))eXxR" 

Proof. With ai,,,^{x,i]) = CT,.^„(a;, 77„(77i, . . . , 1)) = T^,,„(a;, (771, . . . , = [(»7a,-2Xa)^(3 - 

2'7a,-2Xa) + /a] one computes 

\d^,d^,a^,^{x,rj)\ = 9^.T.,J(a:,(r/',l)H| 

< |i.rl"l(l + \X\^ + i\rjf + l)/^2)(5|/3|-(l-5)|a|)/2 

Since by (|37p cr^ has support in a compact set independent of pi, we obtain an estimate of order 
0(1) for large and one of order 0(z/~''(l"l+l^l)) for small v. □ 

It is interesting to note that similar bounds for 9^ 9f (7^ do not exist; indeed, the fact of 
considering only differential operators which are transversal to Reg C in the variable ^ turns out to 
be decisive. We can now give an asymptotic expansion for I{p). 

Theorem 5. There exists a constant C > independent of fi such that for all fj, > 0, and all 
6 e (1/4,1/2), 



where k is given by Definition\^ and 



< C/i' 



K+l-2i5 



io(A^) = 7^ / / iH. ^f^^^^^"'^^''^"^ dac,^ ^x,v',k)\r,X—'dn„. 
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Proof. In view of Proposition [3l wc can apply Theorem [T] to the integral 7,,,^ {v) which was defined 
in (|13|1 . Consequently, for each N E N, there exists a constant Cjv > independent of rjn such 
that 



< Cn sup 



|Q| + |/3|<2Ar 



oa ct(3 ~ 



as well as constants Cj > independent of such that 



\Qj{Tln)\ < Cj sup 

1q| + 1/3|<2j 



oo,X> 



where, in particular, 
QoiVn 



Now, by the previous lemma, for < 1 one has 



sup 

i| + |/3|<27V 



CXD.X > 



-2NS 



where ci is some constant depending only on N. Thus, if < 1, we obtain 
(17) 

N-l N-1 

3=0 J = l 



< Cn |j^r sup 

a+/3|<27V 



>,X> 



N-l 



with constants q > 0. Next, let us fix e > 0, and write 

= Ji(/i) + J2 0^), 

where 



JlM / ^r,„(Ai/'?n)|77nr C???", 

Je<h„|<£;o 

■hip) = / I-nAl^hn)\rinr'~^ drjn- 

Avr.\<e 

Since (/j,) is uniformly bounded in 77„ and /x, 

(18) I J2(/i)l < C4£", 

where C4 is independent of ?7„ and /i. Now, according to equation (|17|) . if e > ^, then 



N-l 



/£<|i)„|<So 



£<!')>. I <-Eo 
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for some constants d > 0. One easily computes that 



\Vn\ 



-l-K-j(l-25) 



drin 



e<l»?n|<-Eo 



< C3max{l,£"-''-^(i-2'5)}, 



< C3 max{ 1 , 



|^^|„-l-Ar(i-2^)^^ 

'e<M<Eo 

SO that if we take e — fj,, which ensmes that {vl < 1 for Ji(/i), we obtain 



n-N(l-25) 



Ai<|r,„|<£;o 



< Ci max{/i 



K+l-2i5 ,,n 



fi"} + C2 max{/^ 



Ar(l-25)^^„|_ 



As the dimension of an orbit of G C 0{n) in R" is at most n — 1, one necessarily has k < n ~ 1, 
yielding /i" ~ 0{iJ.'^^^) as /i goes to zero. Therefore, by choosing N large enough, and taking 
equation together with 



(27rM)« / Qo{Vn)\Vn\" 
•^0<|?7„l</i 

into account, one gets 

/(/i) - (27r^)'' / QoiVn)\Vn 

JO<M<Eo 

The proof of the theorem is now complete. 



^dvn = 0(/i") 



K+l-25 



□ 



Remark 3. Note that the strict transform of the critical set C of V' is locally given by 



T>2n 



G : {Rox, Roiv', 1), k) e RegC} ~ C. 



The first coefhcient in the expansion of Theorem [5] can therefore also be expressed as 

x(fc)CT^(x,77)|?7„|"-'=-i 



(19) 



1 



5. Computation of the leading term 



-^dac{x,-q,k). 



In this section, we shall address the question of computing the leading coefficient £o(m) in the 
expansion of The main result of this section is the following 



Proposition 4. One has 

(20) L,{^,) = -^[g -.l]! a,{z) 



volO. ' 



where daRegOo the Riemannian measure on Regi7o, and volOz denotes the Riemannian volume 
of the G-orbit of z. In particular, the integral on the right hand side of (j20p is convergent. 



Note that Regf^o is not compact; nevertheless, the existence of the integral in PPI) will be 
deduced on basis of the partial desingularization of C accomplished in the previous section. Let us 
start proving Proposition [H and introduce first certain cut-off functions for Sing fig. 

Definition 4. Let K be compact subset in M^" as in (I37|) . e > 0, and denote by Ve the characteristic 
function of the set 

(Singl^o n K)2e = {ze R^" : \z - z'\ < 2s for some z e Sing 
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Consider further the unit ball Bi in M^", and a function l G C^{Bi) with J idz — 1, and set 
i£{z) — e^^"t(z/e). Clearly J i^dz — 1, suppi^ C -B^, and we define 

One can then show that € CJ?°((Singrioniir)3e), and Ue = 1 on (Smg JIq H iir)^, together with 

where Ca is a constant which depends only on a and n, see Hormander |15j . Theorem 1.4.1. 

Next, we shall prove 
Lemma 6. Let a E C°°(R'^"). Then the limit 



£-»0 

exists and is finite. In particular, one has 



Rogc det |JV(, ,)Rogcr^ 



roi\ T ( \ 1 r / x(fc)[g^(l - Ue)](z) 

(27r)" e-ojj^^gc |det ^-''t^, fcJlTV,,,,, Rcgcl^/^ 
where da^cgC is the Riemannian measure on RegC. 
Proof. With as in the previous definition, let us define 

/ / ei^^^-'^-'''^W)H^-Ue)]{x,S.)d^didk. 

Since (x,^, fc) G SingC implies {x,S^) G Singfio, a direct application of the generalized theorem of 
the stationary phase for fixed e > gives 

(22) - {2^^lYLa{^i,e)\ < c,fi^+'-^' 

for some 6 E [0, 1/2), where > is a constant depending only on e, and 



(27r)" jRegC |det ^"(2, fc)|jV(, RegcT ^ 

If a is independent of /i, on has 6 — 0. For a = ct^, the stationary phase theorem has to be applied 
on G X X X 5""^, and 6 & (1/4, 1/2). On the other hand, applying Theorem [5] to leifJ') instead of 
/(/i), we obtain again an asymptotic expansion of the form p2|) for IdfJ-), where now, according 
to (fT9|) . the first coefficient is given by 



(27r)" 7c- |det V'".fc(^' ' 

Since the first term in the asymptotic expansion (|22p is uniquely determined, the two expressions 
for Lq{p, e) must be identical. The statement of the lemma now follows by the Lebesgue theorem 
on bounded convergence, by which, in particular. 



lim -J—— / 1 , , ,„ ( -rT\ vTB da^{x, 77, k) = io(M ■ 

e^o (27r)" 7c3t |det V^ij^(a;,77',fc)|jVj^_^,^jC„J^/^ 

□ 

Remark 4. Note that existence of the limit in pT|) has been established by partially resolving the 
singularities of the critical set C, the corresponding limit being given by the absolutely convergent 
integral (fT9)) . 
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Lemma 7. Let a be a smooth, compactly supported function on Reg fio • Then 



/ I . . ,^ |T7l'^'^Rcgc(z,A:) = e^l^ : 1 / a{z)- 



Vol O, 



Proof. The main difRculty consists in computing the determinant of the transversal Hessian, which 
will be accomplished by recming to previous computations done in [1]. Thus, let (z, k) be a fixed 
point in RegC, and choose an appropriate basis {Ai, . . . ,Ad) for g as follows. If k denotes the 
dimension of Oz , let 

{Ai, . . . ,Ak) be an orthonormal basis of (TeG^)^, 
. . . , Ad) be an orthonormal basis of T^Gz, 
where orthogonality is defined with respect to the scalar product 

{{A,B))=ivCAB) 
for arbitrary linear maps A and B in M". From ^ we recall that 

det lA^Z^WiHc^ ^det ^ ' 



where A = Hess -0(2, k) denotes the Hessian of with respect to the coordinates (z, s) 
(z,exp(X]f=i StAi)k), and 



(23) T^{{a,s)c 



2n ^ ]gd 



(fc - 1)q; + ^SjA^z = Q\ 
1=1 J 



Next, let {Bi, . . . , B^) be in g such that (Siz, . . . , Bi^z) is an orthonormal basis of qz. For = 
1, . . . , K, we define 

(24) = (JBjZ,0), e; = ((fc-i-l)BjZ,(A,z,Bjz),0), (i = l,...,K). 

Then (e, e') constitutes a basis of JF^, see (4], Lemma 3.3. In what follows, we shall compute A\_^^ 
in this basis. Writing (\j — {kBjX, Bj^) we find 

(25) Aej = ((fc-i -l)(l-ng,)aj,0) + ^(a,,B,z)£;-, 

r=l 

where Hg^ is the orthogonal projection onto the space qz in R^". We state now certain relations 
that will be crucial for the rest of the computation. For all (z, k) E RegC, we have 

(26) [k,n,z] = o, [J,fc]-o. 

(27) rank [{k - 1)(1 - Hg,)] C Jgz. 

The first equality follows easily from the relations k~^Qk = q and kz = z, while the second simply 
says that k is symplectic as a Hamiltonian action in M^" . In order to establish (P7|) , we differentiate 
the identity 

7r(/cz) — 7r(z) 

with respect to z G fJo, and obtain (fc — \)a G kerd^Tr = gz for all a in T^JIq) where tt denotes 
the canonical projection of R^]^^-| onto the quotient by G. The inclusion (|27p now follows by using 
([TT]). Coming back to P5|) . we get 

= ^ — {J{k^^ — l)aj,Brz) Er + ^ (a^^Brz) ej,. 

r— 1 r— 1 
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Using p5|) . and the fact that {Biz, . . . , B^z) is orthonormal, we obtain 

K K 

(28) AEj = ^ ((1 - fc)(l - k-^)BjX, BrCj Er + Xl^l^ " 1)5^2;, B^x) - 

r— 1 r— 1 

where is the Kronecker symbol. In the same way we obtain 



r = l 



where 



Q = {Arz, B,z) Ar, = - l){-kBj^, B,x) - C.x). 



Let now / : ^ be defined by 



(29) 

and let 



f{z) ='^{ArZ,z) ArZ, Vz G 0Z, 



A=((fc-l)(fc-i-l) + /)|^^ 

be the restriction of the map {k — l)(fc^^ — 1) + / to gz. Note that A plays a crucial part in the 
computations of [4J. Using again psp . one easily gets 



- E 







^ ) ABjZ, BrZ ) £r ~ 



1„ 





ABj,Brz)ei. 



where the matrices have an obvious meaning. Together with 
the matrix of A in the basis (e, e') is given by 



/ 



(30) 



{{l~k){l-k-^)B,x,B,0 



V 



{{k - l)BjX, Bix) 



fc-i 
1„ 



the last equation implies that 



KBjZ, BiZ 



In 




ABj,BiZ 



I 



Let Aq be the matrix of A in the basis (-Biz, . . . , B^^z). Then ([50]) is equal to 



^ {{l-k){l-k-^)B,x,B,i) 



V 



((fc-l)B,.x,S,a;) -,5, 



fc-i 

In 



BjZ, BiZ 



In 




BjZ, BiZ 



1. 

Ao 



Multiplying by i, and shifting the two columns, wc obtain 



det 



= det (A) • 2?, 



where 
(31) 



V = det 



((fc-i - \)BjX,B^x) 


((fc-l)(fc-i-l)S,e,S,x) 




{{k - l)BjX, B^x) + 5ij 



We are going to show that V — 1. For this, we introduce the notation 



U ^ { Bii 



Bk.X 



V 



Bi^ 



Bni ), 



where Bjx is taken as a column vector in the canonical basis of M". U and V are therefore matrices 
of size n X K. 



REDUCED WEYL ASYMPTOTICS FOR PDO ON BOUNDED DOMAINS II 



23 



Lemma 8. For all k ^ G we have 

(a) *[/C/+* VV ^ 1«; 

(b) *UV VU; 

(c) k commutes with U^U, V*V , U^V , and V^U ; 

(d) {k-l)U^V = {k-l)V'U; 

(e) (fc - !)([/*[/ + V*V) =k-l. 

Proof, (a) says that {B^z, . . . ,Bnz) is orthonormal. (b) comes from (fT6|) . Next, let us denote 
by X the matrix X = Biz \ . . . | Bi^z ) . Then X^X is the matrix of Ilg^ in the canonical basis 
of K^". Moreover, 

X*X = 







v*u 


v*v _ 



Therefore the property [Hgz, k] = 0, see p6)) . is equivalent to (c). The two last properties are more 
subtile. One has to note that ((^ is equivalent to 



ng,(fc - 1) J(l - Hg,) = (fc - 1) J(l - Hg,). 

By expressing this in terms of matrices, one easily obtains (d) and (e). □ 



Coming back to the proof of Lemma [71 we rewrite equation pip as 





-Ik 




-1)(A:-1)C/ ^ 






-i)c/ + i« 



a 

c c? 

where we replaced k^^ by k. We claim that the blocks c and d commute. Indeed, 

cd = -WU^U{k-^ ~ 1)U -* VU, 

dc = -*U{k-'^ - 1)UWU -* FL/ = ~^U{k-^ - 1)V^UU -* VU, 

by (d) of Lemma [8] By (c) of Lemma [51 — 1) commutes with V'^U, and since *C/y =* t^L/, 
by (b), we get [c, d] = 0. Therefore, I? = det{ad — be). Using (a) and (d) of Lemma[8l it is then 
a straightforward computation to show that in fact, ad — bd = 1^, yielding T) = 1. We have thus 
shown the equality 

det ( j = det ((fc - l)ik-' - + /) , 

where the map f : gz ^ gz was defined in The rest of the proof of Lemma [3 now follows by 

the argument given in j4j. Section 3.3.2. □ 

To finish proving Proposition [H we note that, as a consequence of Lemmata [6] and [71 the limit 

hm / - Ue)]{z) 

^^OjRcgOo Vol 

exists for any a G C^(M^") and is finite. Assume now that a is non-negative. Since \ue\ < 1, the 
Lemma of Fatou implies 

r r n M/- \'^^R.ogOo(z) f r , .daRcgnoiz) 

hm[a(l - u^)]{z) ^ < hm / [a{l - u,)]{z) ^ < oo, 

RcgOo^^" Vol -^^OjRcgno VolC^ 

which means that 

(32) / a(z)^^2i^<oo VaG C^(R2»,R+). 

./roitO„ Vol Uz 
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In particular, if a is taken to be equal 1 on the compact set K specified in (I37p . we obtain 
(33) / \o^{z)\ <C a{z) <oo 

jRcgOo vol O-z JRogno vol 

for some C > 0. Now, by Lemmata IH] and [71 



(34) Lo(M) = y^K|^„:l]bm/ [^.(1 



Ue)]{z) 



Vol 



Since (jSSp implies that the integrand in (|34p has an integrable majorant for arbitrary e, we can 
apply the Lebesgue Theorem of bounded convergence to obtain 

1 r„ . 11 /" ^ ^^^cfcrRegj^„(z) 

'Rogno 



This completes the proof of Proposition U) 



So far we have shown that trP^^^A = d^X''/^"'I{\-^^^"') + 0(1), where 



(35) 



C^O'Regno(^) 

Vol 



K+l-2i5\ 



6 e (1/4, 1/2), and = [{vl-2Xx)H5 " 2r/l_2XA) + /a] o with A = a^-^™. In particular, the 
last integral exists, and is finite, so that in order to finish the computation of the leading term in 
the asymptotic expansion for trP^f^, we are left with the task of examining the latter integral. 
To characterize the support of a^ , let us introduce the sets 

iyA = {(x,OeXxM":aA<0}, 

A,,x = { (x, e X X M" : ax < c{h^~'^ + d)] , B,,x = X x M" - A,,x, 
Dc = (ax X W){c,h-^^g), 

FA = {(a;,OeXxM":xA = or 77A.-2 = or xa = r/A.-2 - 1} , 
nVcx = {(a;,0 e X X K" : \ax\ < c{h^-'^ + d)} U {(a;,^) £ : x G ax < c{h^- 

dist {x,dX) < ^/^(l + |a:|2 + |^|2)"'^/2|, since for 



d)} 



Note that Dr = 



2\5 



h~'\x,09[.,i){x - - r?) - (1 + \x\' + ^ 



y\ 



< c 



to hold for some (y, 77) € 5 X x 
is satisfied for some y S c)X. 



l+|x|2 + |e|2 

it is necessary and sufficient that \x — y\^{l + + IS.l'^Y < c 



Lemma 9. For sufficiently large c > one has 

(i) supp/a C 7^Vc,A C Ac^x; 

(ii) supp(7yl_2XA)^(3 - 2j]1_^xx) C Ac,a; 

(iii) (??1-2Xa)2(3 - 2r?2 _2Xa) = 1 on T4^a n CxxR"7^Vc,A. 

Proof. As already explained in Part I, Equation (51), the support of fx is contained in CxxR"-Pa, 
the complement of Fa in X x R". Furthermore, for sufficiently large c > 0, the set CxxR"-Fa is 
contained in TZVc,\, which is a consequence of the inclusions 



(36) 



CxxE-i^A C Ae,A n CxxE"£^A C TZV 



c.A: 
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where Ex ^ {{x,£,) e X x : (x,^) ^ D4,ax < —ih^-'^ - 8Cod}, see Part I, Lemma 16. Next, 
we note that (?7a,_2Xa)^(3 — 2r]1__2Xx){^iO must be equal 1 on Wx n CxxR"'^"I^c,a, since accord- 
ing to (|36|) we have the inclusion CxxR"'^Vc,a C Bc.x U Ex, and hence Wx n CxxR"''^Vc,a C 
Ex C e X X R" : XA = ?7a -2 = 1}, due to the fact that Wx n Bc.a = 0- Furthermore, 

(?7a,-2Xa)^(3 - 2i]l _2X\)ix,S.) vanishes on Bc,x, since for large c, {x,^) e Bc,x implies (a;,^) ^ 
A^a(1, h''^^g), by the proof of the previous lemma. □ 

Consequently, by introducing the sets 

=*^,(W^^-2™) = e X X R" : b^-.r. < 0} , 

Ic,M = {(2^-0 e X X M" : < c(;i^-" +d) o ^-^)} , 

Be.^ =X X M" - I,,^, 

7?Pc,M =*^(7^V,,^-2„) = e X X M" : | < c(/i^-" + d) o vj/-!} 

U e X X R" : (a;,e/M) e D^, 6^-2™ < c(/i'^-" + d) o , 

one sees that for all /i G R;^ 

(37) supp cr^ C Ac,^ C ivT 

for some sufficiently large c > 0, and some suitable compact subset K C R^". We proceed now to 
split the integral in pS]) into the three integrals 



(38) 



Wx vol Oz JRogOoniVAnKVcf, volO^ 

dq-RcgOo(z) 

'-'mI^J I/O ' 

RcgOonTCVc.j, VOiUz 



where we made use of the fact that, since Wx, Ti-Vc,\ are contained in Ac^x, and C^^ xT^^c,\ C Wx, 
one has Ac^x — Wx n CxxR'«'7^Vc,a = 7?.Vc,a- The next lemma will show that the main contribution 
to Lq{ii) is actually given by the first integral in ([38|) . provided that we make the following 

Assumption 2. There exists a constant c > such that for sufficiently small Q > Q, vol{d^)g < 
eg. Furthermore, ^ 9X. 

Lemma 10. Put 

^2={(a^,0 eXxR" : \b\ < cih'-^ + d) o ^-^} , 

= {(2^,0 e X X R" : ^D„b< c{h'-^ + d) o , 

so that nVc,^, = U TZv'^^l. Then, as /i 0, 



'^gRegOoC^^) 

RognonT^v!;'' volOz 



/or arbitrary 5 G (1/4, 1/2). 

Proof. Let l^i denote the characteristic function of the set A. As already noted, 17o is homogeneous 
in X and ^, meaning that (x,^) S JIq implies (sx,t^) G r2o for all G R. Furthermore, by Lemma 
[3J {(a;,^) G Reg rig ^ C G SingM"} is a subset of measure zero in Reg rig. Consequently, we can 
parametrize Reg rig up to a set of measure zero as follows. Take 2 = (x, ^) G fioi G ^(ffo)' ^"^"^ 
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£^ — SI], X ^ ri3 be polar coordinates in M", and N^O^, respectively, where r,s > 0, and rj ^ 
i9 £ S'"^'*^^. In this coordinates one computes then 



(39) 



since 



V0lO(r^^sr,) ' 



^detg|Regno(^,s,?9,77) = s"-V" " ^d^Jdr?, 

where (7|R,cgno denotes the induced metric on Rcgfio, and drj and c?i9 are the volume elements of 
5"""^ and A^^O^ = {w G A'^fO^ : ||u|| = 1}, respectively. Note that ^ implies that 

is L^-integrable on ^^u^-^ as a function of ^. Now, the condition b{x,^) < c{h^^'^ + d){x,^/fj.) 
imphes that |^| < ci, see Part I, equation (60); here, and in what follows, q > will denote 
positive constants. Hence, 

nV^^l C {(x,e) e X X M" : cofi'^ < Id < ci, dist {x,dX) < calCrV} 

U{(a:,0 eXxM" : \^\ < Co^i''} 

c[(9X),3^.(i-.„ X i?"(ci)] U [X X i?"(coM'^)], 

where B"{g) denotes the ball of radius g in n-dimensional Euclidean space, and 1 > £2 > will be 
chosen later. On the other hand, the proof of Lemma 18 in Part I implies that, for small /x, and 
some < ei < 1 to be specified later, 

C {(^,0 e X X M" : C4 < Id < Ci, |l - l/a2rr.{x,0\ < csA"} U [X X B"(/i^O]- 
Now, using the parametrization of Reg fio specified above, one sees that for small g > 

where we took into account took that volO(2, s,,) is at most of order s'^ for small s, and n < n — 1. 
Therefore, the restriction of the integral (139^ to Reg Qq D TZV^^ ^ can be estimated from above by 

■/Rcgf2o {(^.«)eXxR":c4<|C|<ci, |l-l/a2,„(x,C)|<C5M''— }^ ' vol 

Now, by letting x G I^"//,,)' ^ ^ ^xOx, and interchanging the roles of a; and ^ we obtain 



XnK^„^, -Jc, JNIO^ {(-'.«):|l-l/a2„(x',0|<C5^.^-}^ " VOlO(,.,,) ^ 

^-1 / 1 \ l[ci,C4] (('?a2m(x, T?))-^)dc 



XnRJ'^^j ^ J {i:\c;-l\<c5nS-^} J NIO^ ^^a2m(x,ri)J V0lC'(2._(^„2m(2;,r,))-i/2m,,) 

< C6 / * - 0(/i''"), 

J{^:|<;-l|<C5/t''--} 

where we made the change of variables — / a2m{x , £, / = s^^"^/a2m{x,r]), and used the 

fact that (1 + z)'3 - (1 - z)l^ = 0(|2;|) for arbitrary z G C, |z| < 1, and /? G K. Note that due to the 
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ellipticity condition a2m{x,r]) is positive for x G X. Putting si = 6 — lv = 26 — 1/2 therefore 
yields 



RognonTCvl'i volO^ 

. (2) 

Similarly, for small the restriction of the integral (|39|1 to Reg flo TZV^. ^ can be estimated from 
above by 

< C7V0l(9X),3^.(i-.„ + 0(Ai^=) = 0(/(i-^^)) + 0(a.^^) = O(mT^) 

by Assumption [21 where we put £2 = ^/(l + <5), and took into account that, since ^ 9X, 
the integrand of the last integral over x is bounded on H (9X)^^^i(i-e2) by some constant 

independent of fi. The assertion of the lemma now follows. □ 

Now, for a; e X, |^| > fi, the condition 6^-2™ (x,^) < is equivalent to a2m{x,^) < 1, due to the 
ellipticity condition ([3]). By using arguments similar to those given in the proof of the previous 
lemma one therefore computes 



(40) 



RegaonVKj, VOlOz AogOon[XxB"(Ai)] VOIO^ JRcg^o ' volOz 



= 0(/i) + / l(-oo,l](a2m([z])dcrRcgno/G([^:]) 
J Reg no/G 

= Oifi) + vol {[a^^ii-^, 1]) n Reg l]o]/G), 

where we took into account Equation (3.37) in |3]. Here the latter volume is defined in the sense 
of [To], Section 3.H.2. This finishes the computation of the leading term. Collecting everything 
together, we obtain 

Proposition 5. As X +00, one has 

Furthermore, a similar result holds for the trace of {P^£\)'^ , too. 

Proof. Since tr Px^x = dx\"^^"^I{X~^^^"^) + 0{l), the assertion follows with Theorem[5]and Propo- 
sition m together with Equations ((38)) , ((40)) , and Lemma [TOl by taking into account that 

5 11 
max min (- -, 1 — 26, 26 — -) — -. 

56(1/44/2) H + (5 2' 4 

Finally, if in all the previous computations £\ is replaced by we obtain a similar estimate for 
the trace of P^Sx ■ P^Sx = Px^l- Q 
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6. Proof of the main result 
As a consequence of Lemma 11 of Part I, and Proposition [5l we get the following 

Theorem 6. Let N^^ be the number of eigenvalues of 8\ which are > 1/2 and whose eigenf unctions 
are contained in the x-isotypic component Tl^ o/L'^(R"), and assume that Assumptions]^ and\^ 
are satisfied. Then 

- vol{\a-^l(i-^, 1]) n »o]/G) A^"-)/^"! = 0(A("— V4)/2m)^ 

as \ ^ +00. □ 

Similar estimates for the traces of T\ and T\ can be derived as well, and using Lemma 12 of 
Part I we obtain 

Theorem 7. Let M^^ be the number of eigenvalues of !F\ which are > 1/2 and whose eigenfunc- 
tions are contained in the x-isotypic component o/L^(IR"). Then under AssumptionsUl and\M 
one has 

- ^^^-ol{[a^^{{-oo, 1]) n no]/G) A("-)/2"| = o(A("— V4)/2™)^ 
as X ^ +00. 

Proof. The proof is similar to the one of Theorem [6l in analogy to Equation ([8]) one has 

where r\ e S~°°{h~'^^g,l), and f\ G S{h^^^g,h^~'^^), everything uniformly in A. Again we have 
supp/a C TZVc,\ for sufficiently large c, and / J \rx{x,£^)\dxd£^ < C for some constant C > 
independent of A, so that in order to study the asymptotic behavior of tic P^J^\, we can restrict 
ourselves to the integral 

' ^e^(^-'=^)«((%'x^)'(3 - 2rjlxt) + fx)ix, ^dx d^dk. 
An application of the method of the stationary phase then yields the desired result. □ 

We are now in position to prove our main result. In the case G = {1}, one has fig = K'^", and 
we simply obtain Theorem 13.1 of [18j . 

Theorem 8. Let G be a compact group of isometrics in Euclidean space M", Hq a principal 
isotropy group, and X C M" a bounded open set invariant under G. Assume that 

(i) for sufficiently small g > 0, vol(d'X.)g < eg, where c > is a constant independent of g, 
and ^ 9 X; 

(ii) the set SingM" ~ M" \ IR-"^|.j-) is included in a strict vector subspacc F ofW^ of dimension 
r < n. 

Let further Aq be a symmetric, classical pseudodifferential operator in L^(R") of order 2m with 
principal symbol a2m that commutes with the regular representation T of G, and assume that Aq 
satisfies the ellipticity condition ([3]). Consider further the Friedrichs extension of the operator 

res o ^0 o ext : (X) — > L^ (X) , 

and denote it by A. Then A has discrete spectrum. Furthermore, if N^{X) denotes the number 
of eigenvalues of A less or equal A and with eigenf unctions in the x-isotypic component resTi^ of 
L^(X), and k — dimi?0; then 

NxW - "^"(2^-1 voHia^^ii-^, 1]) n no]/G) A(— )/^"- + 0(a(»---V4)/2^)^ 
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where denotes the dimension of any unitary irreducible representation determined by the 
character x, o,nd [Qx\Ho ■ 1] multiplicity of the trivial representation in the restriction of 

to Hq. 

Proof. The disreteness of the spectrum was aheady shown in Proposition [TJ Now, by Theorems 5 
and 6 of Part I, there exist constants d > independent of A such that 



C2 



N^^ -Ci< Af{Ao ~xi,n^n c?°(x)) < a/^ 

Theorems [6] and [7] then yield the estimate 

^x(A) - ^^I^P^vol (K^((-cx., 1]) n no]/G) A("-«)/^™| ^ 0(A(«— V4)/2™). 
The proof of the theorem is now complete. 



□ 
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